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Growth of Certain Non-positively Curved Cube Groups
GEN. A. NOSKOV†
We prove that if G is a group acting cellularly on a locally finite CAT(0) cube complex X and the
action is simply transitive on the vertices of X , then G has a generating set A so that the geodesic
words in generators A form a regular language and the growth function of G with respect to A is
rational.
c© 2000 Academic Press
1. INTRODUCTION
For what infinite groups is it possible to understand the combinatorial asymptotic structure
explicitly? We address this question for the fundamental groups of finite non-positively curved
2-complexes. A finite generating set A of G determines a length function ` on G which is used
to define the growth function (series) of G as
f (t) =
∑
g∈G
t`(g) =
∑
n≥0
(card Bn)tn,
where Bn is the ball of radius n in the Cayley graph CA(G). It is rational if it is the power
series expansion of a rational function of t .
We mention the following cases where the rationality of growth functions is known (see [12]
for an extensive survey on different kinds of growth in groups):
• Coxeter groups with respect to the standard generating set [5, p. 45, Exercise 26], the
argument being that of Solomon [18];
• virtually abelian groups with respect to any generating set [4];
• two-step nilpotent groups with infinite cyclic commutator subgroup with respect to
some generating set [19]. (On the other hand, it is shown in [19] that if G has Heisen-
berg rank at least 2, then G has a finite generating set A such that G has transcen-
dental growth with respect to A! In particular, all higher discrete Heisenberg groups
H2, H3, . . . possess transcendental growth series.)
• solvable Baumslag–Solitar groups 〈x, y|xyx−1 = yb〉 with respect to a generating set
〈x, y〉 [9];
• amalgam groups (= colimits) of certain non-positively curved triangles of groups [10].
In the early 1980s Jim Cannon found examples of non-cocompact geometrically finite
groups with generating sets with rational growth functions and asked if all such groups have
such generating sets. These examples, and his proof of rationality of the growth function for
cocompact hyperbolic groups, were a major motivation in the development of the theory of
automatic groups. Neumann and Shapiro have shown that any geometrically finite hyperbolic
group G has a generating set A such that the geodesic words in generators A form a regular
language and the growth function is rational (Theorem 4.3 in [15]). This is done by using a
criterion which essentially goes back to [9]; namely, that any word in generators A which is
not geodesic has a close neighbour which is shorter. In [15] this criterion is called ‘falsifica-
tion by a fellow traveller’. Thus, the criterion translates the purely combinatorial problem of
asymptotic behaviour of the group into the geometrical problem.
†The author was supported by DMV grant Gr 627–11.
0195–6698/00/050659 + 08 $35.00/0 c© 2000 Academic Press
660 G. A. Noskov
We apply the method of [15] to certain groups acting on CAT(0) cube complexes. Our main
result is
THEOREM 1.1. Let G be a group acting cellularly on a locally finite CAT(0) cube complex
X and suppose that the action is simply transitive on the vertices of X. Let A be a generating
set of G consisting of elements moving the fixed base vertex of X by a distance 1 apart relative
to a graph metric on a 1-skeleton of X. Then A satisfies the falsification by fellow traveller
property. In particular, the set of A-geodesic words forms a regular language and the growth
function of G with respect to A is rational.
As a corollary we obtain the rationality of growth functions for certain small cancellation
groups. Let G = 〈A|R〉 be a group presentation with R cyclically reduced and closed under
cyclic permutations and taking inverses. Recall that a piece is a non-trivial word which appears
as a prefix of two different words of R. A presentation satisfies the C ′′(4)-condition if every
piece has length one, no relator is a proper power and no relator is a product of fewer than four
pieces. We say that a presentation satisfies the T (4)-condition if for any r, s, t ∈ R at least
one of the products rs, st, tr has no cancellation. For C ′′(4)&T (4) presentations, the T (4)
condition can be stated in a simple manner: every non-trivial circuit without backtracking
in the link of each vertex in the 2-complex associated to the presentation has at least four
edges [11]. For example, the standard presentation 〈a, b|aba−1b−1〉 for the free abelian group
of rank 2, after taking cyclic permutations and inverses, becomes a C ′′(4)&T (4) presentation.
A more interesting example is the Dehn presentation for the group of a prime alternating knot
(see, for example, [14, Chapter V]).
COROLLARY 1.2. Let G = 〈A|R〉 be a group presentation, satisfying the small cancella-
tion condition C ′′(4)&T (4) and all relators are of length 4. Then the growth function of G
with respect to A is rational.
PROOF. Indeed, the Cayley complex X of G with respect to A can be given with a non-
positively curved square structure and the action of G on X satisfies all the conditions of the
theorem. 2
COROLLARY 1.3. The growth function associated to the Dehn presentation for the group
of a prime alternating knot is rational.
PROOF. Indeed, the Dehn presentation satisfies the small cancellation condition C ′′(4)&
T (4) ([14, Chapter V]) and all relators are of length 4. Hence Corollary 1.2 applies. 2
We also prove
THEOREM 1.4. The standard generating set A of an irreducible affine Coxeter group sat-
isfies the falsification by a fellow traveller property.
QUESTION 1.5. For a Coxeter complex 1 of a Coxeter group of finite rank, consider a
graph 1′ with vertices the chambers of X and adjacency given by adjacency of chambers.
Non-stuttering galleries of 1 correspond to edge paths in 1′. Does 1′ satisfy the falsification
by a fellow traveller property? We hope to return to this question soon.
2. FALSIFICATION BY FELLOW TRAVELLER PROPERTY
Let G be a finitely generated group and A a finite set and a 7→ a¯ a map of A to a monoid
generating set A¯ ⊂ G. As usual, A∗ denotes the free monoid on A and the natural projection
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A∗→ G is denoted by w 7→ w¯. Any subset L of A∗ which surjects onto G is called a normal
form for G. The Cayley graph CA(G) is the directed graph with vertex set G and a directed
edge from g to ga¯ for each g ∈ G and a ∈ A; we give this edge a label a. We require that
A¯ = A¯−1. The Cayley graph carries a natural graph metric which we denote by d(·, ·). Each
word w ∈ A∗ defines a path [0,∞)→ C in the Cayley graph C = CA(G) as follows (we also
denote this path by w): w(t) is the value of the t th initial segment of w for t = 0, . . . , len(w);
it is on the edge from w(s) to w(s + 1) for s < t < s + 1 ≤ len(w) and equals w¯ for
t ≥ len(w). We refer to the translate by g ∈ G of a path w by gw. We say that the words v,w
with the same value in G, δ-fellow travel for δ ∈ N if the distance d(w(t), v(t)) never exceeds
δ. We say that A has the falsification by fellow traveller property (or FFT-property) if there
is a δ such that for any non-geodesic edge path in the Cayley graph there exists a shorter path
with the same value that δ-fellow travels with it. Roughly speaking, this property means that
any word in A∗ which is not geodesic has a close neighbour which is shorter. More generally,
one can define the FFT-property for any graph with a graph distance.
PROPOSITION 2.1 ([15, PROPOSITION 4.2]). If A has the falsification by fellow traveller
property, then the growth function of G with respect to A is rational.
QUESTION 2.2 ([15]). Can one find a monoid generating set A of a group G such that the
language of geodesic words is regular but A does not have the falsification by fellow traveller
property?
3. WALLS IN CAT(0) CUBE COMPLEXES
We review some of the facts on the theory of walls (= hyperplanes) in CAT(0) cube com-
plexes [16, 17]. We assume that X is a finite-dimensional cube complex, that X is a piecewise
euclidean complex in which each cell is isometric to a regular euclidean cube [0, 1]n .
DEFINITION 3.1. A cube complex is non-positively curved if for any cube C the following
conditions on the link lk(C) are satisfied:
— (no bigons) for each pair of vertices in lk(C) there is at most one edge containing them;
— (no triangles) every edge cycle of length three in lk(C) is contained in a 2-simplex of
lk(C).
THEOREM 3.2 ([13]). A cube complex X is locally CAT(0) if and only if it is non-positively
curved, and it is CAT(0) if and only if it is non-positively curved and simply connected.
Let C be a k-cube in X . Any subset of C of the form
{ 1
2
} × [0, 1]k−1, for any isometric
identification of C with [0, 1]k , is called a midplane in C . A midplane of any face of C is an
intersection with this face of precisely one midplane of C . This midplane is perpendicular to
a face. For two midplanes M1 and M2 of two cubes C1 and C2 in X we write M1 ∼ M2 if
M1 ∩ M2 is again a midplane (and then it is a midplane of C1 ∩ C2). The transitive closure
of this symmetric relation is an equivalence relation, and the union of all midplanes in an
equivalence class is called a wall. For any wall H we denote by H˜ the complex obtained from
the disjoint union of midplanes in H by glueing any two midplanes in H along their common
submidplane in X (if such a submidplane exists). One can easily see that H˜ is non-positively
curved, and that is satisfies the link condition. Let p : H˜ → X be the natural map which
sends each cube in H˜ to its image in X . Lemma 2.2 in [16] states that p is an isometry of H˜
onto H . As a consequence of the above, walls are convex in X . Every wall in X separates X
into exactly two connected components, Lemma 2.3 in [16]. Given any edge e ∈ X (1) there is
a unique dual wall H(e) which meets e (in the midpoint of course).
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4. ANGLES
Let X be a CAT(0) space. The angle∠(σ1, σ2) subtended by two unit speed geodesics σ1, σ2
in X starting at the same point can be defined by means of comparison triangles [1, 6]. In the
case of a piecewise euclidean complex, the angles can be defined in terms of link distance [3].
Namely, let X be a piecewise euclidean complex, x ∈ X . The link lkx A of the euclidean
cell A is the set of unit tangent vectors ξ at x such that a non-trivial line segment with initial
direction ξ is contained in A. We define the link lkx X by lkx X = ∪A3x lkx A, where the
union is taken over all closed cells containing x . Angles in lkx A induce a natural length
metric dx on lkx S which turns into a piecewise spherical complex. For ξ, η ∈ lkx X define
∠(ξ, η) = min(dx (ξ, η), pi). Now any two segments σ1, σ2 in X with the same endpoint
x have the natural projection image in the link of x and we define ∠x (σ1, σ2) as the angle
between these two projections.
LEMMA 4.1. Let X be a CAT(0) cube complex. Let e, e′ be the distinct edges starting
from the same vertex of X, then the angle between these edges is equal to either pi/2 or pi .
Moreover, the first case takes place precisely when e, e′ are the edges of some cube.
PROOF. By definition, this angle is the distance in the link lk(v) between the point s, s′
corresponding to e, e′, respectively. The link is the all right spherical CAT(1) complex in
the sense that it satisfies the CAT(1) inequality and all its cells are all right simplices. The
geodesics in lk(v) are as follows. A geodesic is a path in K , made up of a finite number of
pieces; each piece is a standard spherical geodesic in one of the spherical cells; the pieces fit
together at their endpoints. Moreover,
(1) there is no triple of consecutive endpoints contained in a closed cell,
(2) the union of two subsequent pieces defined by the points is geodesic in the union of
cells containing these pieces.
We subsume this by saying that the endpoints x0 = s, x1, . . . , xm form an m-taut chain
from x0 = s to xm = s′.
The existence of a taut chain was proved by Bridson, see [6, Theorem 7.21].
Now we are ready to prove the lemma. First, consider the case m = 1. This means that both
s and s′ are contained in a spherical cell and since our cells are all right, the distance between
them is equal to pi/2. Now let m ≥ 2. We will show that the length of the spherical segment
[x0, x1] is equal to pi/2. Then, by symmetry, the length of the spherical segment [xm−1, xm]
is also equal to pi/2 and the lemma will follow. To prove the statement, consider the support c
of [x0, x1]—the smallest cell containing this segment. If x1 belongs to the face of c, opposite
to x0, then the length in question is pi/2 since the cell is all right. If not, then x1 lies in the
interior of c and hence c is its support. Let c′ be the support of [x1, x2], then it contains c as
a face since the support of x1 is c. Hence all three of the endpoints x0, x1, x2 are in the same
cell c, contradicting the fact that they are taken from a taut chain. 2
5. PROOF OF THEOREM 1.1
Fix a base vertex x0 in X , then the natural generating set A for G is the set of all elements of
G moving the base vertex by a distance 1 apart in the edge path metric on X (1), the 1-skeleton
of X . The Cayley graph of G with respect to this generating set is canonically isometric to
X (1) considered with a graph metric. Thus we have to prove that any edge path p = e1e2 · · · en
in X (1) which is not geodesic has a uniformly close neighbour which is shorter. Take a subpath
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p′ = ei · · · e j which is not geodesic but any proper subpath of which is already geodesic. It
is the result of Sageev [17] that the edge path in X (1) is geodesic if and only if it crosses
each wall at most once. Since p′ is not geodesic there is a wall H which is crossed by p′ at
least twice. Note first that p′ intersects H exactly twice and, moreover, the edges ei , e j are
the only edges crossing H . Indeed, if some proper subpath of p′ crosses H twice, then by
Sageev’s criterion it is not geodesic, contrary to the choice of p′. And if at least one of the
edges ei , e j does not cross H , then some proper subpath of p′ crosses H twice and again, by
Sageev’s criterion, it is not geodesic, contrary to the choice of p′. It follows that the subpath
p′′ = ei+1 · · · e j−1 of p′ lies in one of the open halfspaces, defined by H , say H+. Note that
p′′ is geodesic in view of the choice of p′.
The union of cubes containing midplanes of the wall H is called a thick wall and is denoted
T H . This is clearly a subcomplex of X .
LEMMA 5.1. The path p′ lies in the thick wall T H.
PROOF. Suppose to the contrary that p′ moves slowly out of T H and let ek, i < k < j
be the first edge of the path p′ leaving T H . Let a = ∂0ek . If C ⊂ T H is a cube containing
a, then there is an edge e of this cube with the end a and orthogonal to H . In particular,
H = H(e)—the dual wall to e.
The angle between e and ek is equal to pi . Indeed, we know from Lemma 4.1 that otherwise
it is equal to pi/2. However, then e, ek lie in the same cube and this cube has to be contained
in T H , and this would imply that e ⊂ T H.
The wall H ′ = H(ek) dual to the edge ek does not intersect H and hence is contained in
H+. Suppose the contrary and consider the geodesic quadrangle [a, b, c, d] where a is the
midpoint of the edge e, b = ∂1e = ∂0ek , c is the midpoint of the edge ek , and d ∈ H ∩ H(ek).
The angle between e and ek at b is equal to pi as noted above. The angle at a is equal to pi/2,
since H is orthogonal to e at the point a and the angles between the segments inside the cubes
are just the euclidean angles. Similarly, the angle at c is equal to pi/2. What about the angle at
d? If it is zero, then the intersection of the segments [a, d]∩[c, d] is a non-degenerate segment
of the form [d ′, d]. Since d ′ ∈ H ∩ H(ek) we can change from d to d ′ and assume that the
angle of our geodesic quadrangle at d is non-zero. Summing up we conclude that the sum of
the angles of the geodesic quadrangle [a, b, c, d] is strictly larger than 2pi. This cannot occur
in CAT(0)-spaces, see, for example, [2, Lemma 4.5]. Since H(ek) and H do not intersect and
ek ⊂ H+, we conclude that H(ek) ⊂ H+.
The path ekek+1 · · · e j−1 crosses the wall H(ek) at least twice. This would give the contra-
diction desired and finish the proof of the lemma. Indeed, then, by Sageev’s criterion, the path
ekek+1 · · · e j−1 is not geodesic but by the choice of the path ei · · · e j all of its proper subpaths
are geodesic.
To prove the claim note first that H(ek) is crossed by ek so we only need to show that the
vertices ∂0ek+1, ∂0e j−1 are separated by H(ek). Since H(ek) and H do not intersect, H(ek)
does not intersect the cube C and in particular does not contain the point b = ∂1e = ∂0ek .
In other words, H and ∂0ek are on the same side of H(ek). However, then, since ek crosses
H(ek), we conclude that ∂1ek = ∂0ek+1 and H lie on different sides of H(ek). In particular,
∂0ek+1 and the midpoint d of e j belong to different sides of H(ek) since d ∈ H . However, the
path ek+1 · · · e j starts in ∂0ek+1 and ends in ∂1e j , hence it should cross H(ek). The last edge
e j of this path cannot cross H(ek) since it crosses H . Consequently, the path ek+1 · · · e j−1
crosses H(ek). 2
Finishing the proof of Theorem 1.1.
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ej– 1
H (e) = H
ek
b
c
d
a
e
ej
H (ek)
FIGURE 1. H(ek) does not intersect H .
ej –1
H (e)
H (ek)
ek
b
c
a
e
ej
ek + 1
FIGURE 2. The path ek+1 · · · e j−1 crosses the wall H(ek).
We show how to shorten the path p above by a bounded move. To do so we will modify the
piece p′ = ei · · · e j . Any edge ek, i < k < j belongs to some cube Ck from T H . The edge
ek does not cross the midplane Mk = Ck ∩ H , hence it is parallel to Mk . Let e′k be the edge
of Ck symmetric to ek relative to the midplane Mk . These edges clearly constitute the path
e′i+1 · · · e′j−1, connecting the vertices ∂0ei and ∂1e j . Now cut out from the path p the subpath
p′ and glue in the path e′i+1 · · · e′j−1. Clearly the path q we obtained in this way is shorter than
p and it 2-fellow travels with p. This proves Theorem 1.1.
H
ei + 1 ej–1
ejei
e'i + 1 e'j–1
FIGURE 3. Shortening the path p.
6. FALSIFICATION IN AFFINE COXETER GROUPS
Here we prove Theorem 1.4, asserting that the standard generating set A of an irreducible
affine Coxeter group W satisfies the falsification by a fellow traveller property.
— The Coxeter complex C of W supplied with a gallery distance on the set of chambers is
isometric to the Cayley graph of W with respect to the natural generating system. Thus we
have to prove that any gallery C = C1C2 · · ·Cn in C which is not geodesic has a uniformly
closed neighbour which is shorter. Take a subgallery C ′ = Ci · · ·C j which is not geodesic but
any proper subgallery of which is already geodesic. It is a well-known fact that in a Coxeter
complex the gallery is geodesic if and only if it crosses each wall at most twice, see, for
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H
Ci Cj
FIGURE 4. The dashed lines are the modified dotted gallery.
example, [7]. Hence there is a wall H which is crossed by the subgallery C ′ at least twice.
Note that C ′ crosses H exactly twice. Indeed, if some proper subgallery of C ′ crosses H twice
then it is not geodesic, contrary to the choice of C ′. The chambers Ci and C j lie on the same
side of H , say H+, and the subgallery C ′′ of C ′ obtained by deleting Ci and C j lies on the
other side, say H−. Note that C ′′ is geodesic in view of the choice of C . We assert that C ′′ lies
in the neighbourhood of H of uniformly bounded radius (that is not dependent on the gallery
chosen). Indeed, let H ′ be the wall, parallel to H , lying on the side H+ of H and nearest to
H among the walls with the above two properties. The subgallery C ′′ starts and ends between
H and H ′. It cannot cross H ′ since otherwise it would cross it twice and then it would not
be geodesic. Hence C ′′ lies in the neighbourhood of H of uniformly bounded radius. Now
modify the gallery C by reflecting the part C ′ of it in the wall H . Clearly the resulting gallery
Cmod boundedly fellow travels with C . Since it also contains at least two repeated chambers it
can be made shorter than C by removing the repeated chambers. This deletion does not affect
the fellow traveller property.
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